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Abstract 

Recently, it has been shown how to perform the quantum hamihonian reduction in the case of 
general s£{2) embeddings into Lie (super) algebras, and in the case of general osp{l\2) embeddings 
into Lie super algebras. In another development it has been shown that when Ti and Ti' are both 
subalgebras of a Lie algebra Q with Ti' C 7i, then classically the W(^,7i) algebra can be obtained 
by performing a secondary hamiltonian reduction on yV{Q,7i'). In this paper we show that the 
corresponding statement is true also for quantum hamiltonian reduction when the simple roots of 7i' 
can be chosen subset of the simple roots of H. 

As an application, we show that the quantum secondary reductions provide a natural framework 
to study and explain the linearization of the W algebras, as well as a great number of new realizations 
of W algebras. 
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1 Introduction 



In recent years, we have seen a great activity in the area of extended conformal algebras, i.e. algebras 
that contain the Virasoro algebra as a subalgebra, see e.g. Examples of this are the well 

known Kac- Moody algebras and superconformal algebras, but also the more complicated W algebras, 
introduced by Zamolodchikov in 1985, 0. Apart from their inherent interest as mathematical objects, 
such algebras are of interest in many different fields of physics, such as the study of integrable 
hierarchies 0, string theory Toda theories P, quantum Hall effect 0, etc. 

Different methods have been developed for the construction of extended conformal algebras. One 
method is the direct construction, essentially the solution, using algebraic computation, of a set of 
consistency equations for a prescribed set of fields, see e.g. [0]. Another method for constructing 
ly-algebras is the coset method, the generalization of the well-known coset construction in conformal 
field theory, for a review see e.g. |l|]. However, one of the most powerful methods of constructing 
extended conformal algebras is the hamiltonian reduction. The starting point here is an affine Lie 
(super) algebra, on which one imposes a suitably chosen set of constraints. The reduced algebra is 
then an extended conformal algebra [|], ^, 10, 11|. The quantum version of this reduction has recently 



been done using BRST techniques |T3], g, 0, [T§, [T^, |TB|. 

It has recently been shown [|19| that in certain cases one can impose extra constraints on a 
W algebra obtained by hamiltonian reduction, and get yet another W algebra; this procedure is 
called secondary hamiltonian reduction. In this paper we show how to quantize this procedure, thus 
performing the secondary quantum hamiltonian reduction. 

As an application of the technique developed, we find the generalized quantum Miura transfor- 
mation corresponding to the secondary reduction. This secondary quantum Miura transformation 
leads to a large number of new realizations of W algebras. 

As another application, we show that the secondary quantum hamiltonian reduction yields a 
general method of constructing linearizations of W algebras; For a large class of W algebras, we 
find that we can use the secondary quantum hamiltonian reduction to construct linearizations in a 
systematic way. Recall that a linearization of a W algebra, introduced in |]2D| is the embedding of 
that W algebra into a larger algebra which is equivalent to a linear algebra. 

This paper is organized in the following way: In section |^, we briefly remind the reader of the 
primary hamiltonian reduction; section |2]1| is a description of the classical reduction, while section 
|2.2| gives a brief account of the quantum reduction. In section we briefly recall the classical 
secondary reduction. These sections are included with the purpose of keeping the paper reasonably 
self-contained. 

Sections ^ and ^ are the two main sections of the paper. In these sections we find the cohomology 
corresponding to the secondary quantum hamiltonian reduction. In section ^ we use the theory of 
spectral sequences to show that for triples Q, H' and H with H' C TC, and satisfying certain supple- 
mentary conditions, the secondary reduction of W(^,7i') gives as a result W{Q,H). In section ||we 
give a method to find explicitly the cohomology corresponding to W(^,?i), i.e. to find expressions 
for the generators of W{Q,T-C) in terms of the generators of W(^,7Y'). Furthermore we describe the 
generalized quantum Miura transformation corresponding to the secondary quantum hamiltonian 
reduction, a transformation which gives us numerous new realizations of W algebras. Section [4.4| is 
an example of the secondary quantum hamiltonian reduction. 

The main results of these sections are collected in theorem |^ page 0, theorem ^ page |15|, and 
theorem H page |17. 

In section ^ we show how to use the technique, developed in the preceding sections, to linearize 
W algebras. Using the secondary quantum hamiltonian reduction we show that we can embed many 



1 



W algebras into larger algebras, which are equivalent to linear algebras. 

Finally we have included two appendices, one on spectral sequences and one on the use of modified 
gradings in the hamiltonian reduction. 



For all explicit calculations, we have used the OPE mathematica package of K. Thielemans 21 



2 Hamiltonian Reductions: a Reminder 

2.1 The Classical Case 

Let us briefiy recall the construction of classical W(^,7i) algebras as they appear in the context 
of Hamiltonian reduction We start with a Lie algebra Q with generators and inner product 
gab _ (fa^by Furthermore we consider a regular subalgebra Ti. G Q, and we denote the generators of 
the principal si{2) of H by {M+, Mq, M_}. Mq defines a grading gr{-) of Q 

G = G- + Go + G- = ^Gm 

m 

where m is the eigenvalue under the operator ad(Mo). We denote the affine Lie algebra corresponding 
to G as G^^\ and we write the affine current J in the form 

J{Z) = r{z) ta. 

ta = Qabt^ is an element of the dual algebra, gab is defined by QabQ^'^ = ^a- We will use greek letters 
as indices for currents with negative grades, and barred greek letters for currents with non-negative 
grades, i.e. J" : ta & G- and J" : G U G+- The constraints that we want to impose are 

(J-(z)-x") = (t^eG-) (2.1) 

X° = x{J"') define the set of constraints and M_ = x"^a- These constraints are chosen such that 
they are first class. This means that the Poisson bracket of two constraints is weakly zero (i.e. one 
finds zero when imposing the constraints after computation of the Poisson bracket). We can then 
apply the general technique developed by Dirac to take care of these constraints: 

The first class constraints generate gauge transformations, i.e. they are associated to a group 
of symmetries of the physical states of the theory. To eliminate this symmetry, one imposes new 
constraints (gauge fixing constraints) in such a way that the set of all constraints becomes second 
class (i.e. it is no more first class), and the matrix formed by the Poisson brackets of two constraints 
Cijitiyh) = {^i(ti),^ji't2)} is invertible. As these constraints must not interfere with the physical 
contents of the theory, one constructs new brackets (called Dirac brackets) with the help of the 
Poisson brackets and the inverse C^^ of Cij: 

{X{z),Y{w)}d = {X{z),Y{w)} - J dhdt2 {X{z),Mt,)}C'^{h,t2){<l>,{t2),Y{w)} (2.2) 

where $j(t) are the (second class) constraints. These Dirac brackets are defined such that any 
quantity has (strongly) zero Dirac brackets with any of the constraints. In other words, we have 
decoupled the constraints from the other physical quantities. 

In the case of the constraints ( |2.1| ), it can be shown that one can choose gauge-fixing constraints 
such that the remaining generators correspond to the highest weight components with respect to the 
embedded si{2): The gauge-fixed current Jgf is of the form Jgf = x"^a + J% with [M+,tj] = 0. As 



the constraints are decoupled from the other physical quantities, it is clear that the Dirac bracket of 
two J*'s will close (polynomially) on the J*'s. These Dirac brackets realize the W algebra W(^,7i). 

To get a realization of the W generators as polynomials of the currents J", one uses the gauge 
transformations generated by the first class constraints 

[J-{w)Y= r{w) + Jdze^{z){J''{z),r{w)} 

+ ^ / dzdx e^{z)ef3{x){J''{x), {J''{z), J%w)}} + ... ^^-"^ 

to fix [J{wyf to be of the form 

[J{z)]^ = xX + W\z)t, (2.4) 

where the W^{z) are polynomials in the J"'s and realize also the W algebra when using the Poisson 
brackets. 

It can also be shown that one can realize the W algebra by using the zero grade generators only: 
starting with J{z) = x°'ta + J°'°{z)taQ where [Mo,tao] = and doing the gauge transformations as 
above, one gets the W^{z) as polynomials in the J'^'^'s. This transformation is called the (classical) 
Miura transformation. 

Finally, let us note that the choice (|2.1| ) of constraints is not unique. We introduce a new grading 
operator H = Mq + U, where U is an element of the Cartan subalgebra. H defines a grading which 
we write as 



In p2| , |rT| it was shown that the constraints obtained by replacing ^_ by g'_ in equation ( |2.1| ) leads 



to the same classical algebra, W{g,H), if U commutes with the si{2) algebra and "respects" the 
highest weights, i.e. satisfies the non- degeneracy condition 

ker ad{M+) ng'_ = 
2.2 Primary Quantum Hamiltonian Reduction 



This section is intended as a brief recapitulation of the method developed in ||I6[ of quantum hamil- 
tonian reduction. We want to quantize the Hamiltonian reduction which we have presented in the 
previous section. To do this, we will use the BRST formalism, which is a standard procedure in the 



framework of constrained systems, see e.g. fT^ 



For each constraint we introduce a ghost-antighost pair (cq,,6"). Corresponding to these con- 
straints we define a BRST operator s: 

s{(f)){w) = j> dz i{z)(j){w) 

j{z) = {r{z)-xnca{z) + \r%b'r{z)cf,{z)c^{z) (2.5) 

The quantized W algebra W{g,H) is then 

w{g,n) = H\Q-s) 

where Q is the operator product algebra generated by the affine currents, the ghosts and anti-ghosts, 
and their derivatives and normal ordered products. As usual when using BRST quantization, one 
defines a set of modified generators 

>(z) = s{b"){z) + = r{z) + r%b'^{z)cf,{z) 



o 



and it turns out that it is useful to modify in a similar way the non-constrained generators: 

where we have introduced the normal ordered product of fields Aj{z) {j = 1,2,...): 

{AiA2)o{w)=i Ai{z)A2{w) and (A„ . . . Ai)o(w) = . . . Ai)o)oH (2-6) 

Jw Z — W 

With these definitions the space VL" generated by J° and If is actually a subcomplex (i.e. C 
fi") with trivial cohomology s) = 5„,olC. The space Vtred generated by the "hatted" non- 

constrained generators J" and the ghosts Cq is also a subcomplex, and in fact using the version of 
the Kiinneth formula which was shown in |]T6[, one can show that we need not consider the trivial 
sub complexes fi" since 

= H*{nred;s) (2.7) 

In order to actually calculate this cohomology and find explicit expressions for the generators 
of W{Q,H), one splits the BRST operator s into two nilpotent anticommuting operators sq and si 
defined by the currents 

j,{z) = r{z)c^{z) + ^r^^b^{z)cp{z)c^{z) (2.8) 

Corresponding to these two operators, we can define a bigrading of the complex as a combination 
of the ghostnumber and the grading gr{-): 



r 

Cq, 



m, — m 



(m, -m-1) (2.9) 
(— m, m + 1) 



where m is the grade of ta respectively ta- With this definition sq has bigrade (1,0) and si has 
bigrade (0, 1). 

Using the technique of spectral sequences (see section | and appendix one can show that 
there is a vector space isomorphism 



hw ) 



where flhw is generated by the hatted generators that are highest weight under the embedded si{2), 
i.e. J" e nhn^ iff [M+,ts] = 0. 

In order to actually find the elements in H^{Qred', s), i.e. the generators of W{Q, H), one can use 
the tic-tac-toe construction with flhw as starting point. For every highest weight generator J^^ we 
can construct the generator W^i^z): 

m 

w^{z) = Y.wnz) 



A 



where m is the grade of J^^, Wq{z) = jf[^{z), and si{Wl) + sq{WI^i) = 0. We find that the bi-grade 
of Wl is {m — i, i — m), and since si vanishes on terms with bigrade (0, 0) we see that the sequence 
stops at £ = m. It is easy to verify that s(W^°) = 0. 

In principle the operator product algebra of the W's close only modulo s-exact terms. However, 
there are no elements in Qred with negative ghostnumber, thus there are no s-exact terms with zero 
ghostnumber, and therefore the operator products of the W^s close exactly. 

The operator product expansion (ope) preserves the grading, which implies that the operator 
product expansions of the zero grade part of the generators must give the same algebra as the ope's 
of the full generators, i.e. the map = YliLo — > must be an algebra isomorphism^. This 

defines a realization of W{G,Ti-) in terms of the algebra Qq \ the algebra generated by the "hatted" 
grade zero affine currents. This is known as the quantum Miura transformation, and can be used 
to define a free field realization of W(^,7Y) by using the Wakimoto construction to write the 



generators of ^ in terms of free fields. 

Just as in the classical hamiltonian reduction, we can modify the grading operator Mq by adding 
a U{1) current obeying the non- degeneracy condition. In that case, the modified grading operator 
H = Mq + U will lead to a modification of the BRST operator ( p.5|) . One finds, that the calculation 
of the cohomology leads to an equivalent but different ("twisted") reahzation of W(^,7i). 



2.3 Classical Secondary Reductions 

First, we briefly recall the framework of secondary reductions as they appear in the classical 
case. We start with a W{Q,H') algebra (deflned as in section 1), with H' a regular subalgebra of 
Q. We suppose now that there is another regular subalgebra H such that H' C H. Since TC' is 
embedded in TC, it is natural to wonder whether the W(^,7i') algebra can be related to yV{Q,H). 
In fact, considering the constraints associated to both W-algebras, it is clear that we have to impose 
more constraints on W(^,?i') to get W(^,7i); for instance, the number of primary fields (which is 
directly related to the number of constraints) is lower in W(^, H) than in W(^, H'). These (further) 
constraints will be imposed on W fields themselves, so that we will gauge a part of the W(^,7^') 
algebra. In [|19|, it has been proved: 

Theorem 1 Let Q = si{N) and let Ti' and Ti he two regular subalgebras of Q such that 

n' CH (2.10) 

Then, there is a set of constraints on the yV{Q,T-C') algebra such that the (associated) Hamiltonian 
reduction of this algebra leads to the VV(^,7i) algebra. We will represent this secondary reduction as 

w{g,n') w{g,n) (2.11) 

The proof of this theorem relies on a general property of the Dirac brackets, which can be stated as 
follows: 

We start with a Hamiltonian theory on which we impose constraints. Instead of considering 
directly the complete set of second class constraints, we can divide this set into several subsets (of 
second class constraints) and compute the Dirac brackets at each steps (using the Dirac bracket of 
the previous steps as initial Poisson brackets). Then the last Dirac brackets do not depend on the 
partition of the second class constraints set we have used. 

^ actually this argument shows only that the map is an algebra homomorphism, but one can prove that the map 
is also injective. 



Thus, coming back to our W-algebras, it is sufficient to find a gauge fixing for the W(^,7i') 
algebra such that the corresponding set of second class constraints is embedded into the set of 
second class constraints for W(^, Ti) as soon as Ti! C Ti. Indeed, with such an embedding, it is clear 
that the constraints one will impose on the W(^,'H') generators will just be the constraints related 
to Ti that are not in the subset associated to Ti' . Such a gauge has been explicitly constructed in 



!£] for Q = s£{N). Because of the generality of the property of Dirac brackets, and considering the 
construction of orthogonal and symplectic algebras from the (folding of) unitary ones it is clear 
that the theorem is also true for the other classical Lie algebras. 

We present below a quantization of the secondary reduction using the BRST formalism. Note 
that the BRST operator involves only first class constraints, so that the quantization is not straight- 
forward: in the classical case, we have to embed the sets of second class constraints one into the 
other, while in the quantized version it is the sets of first class constraints that we will embed. 



3 Quantum Secondary Reductions: 
Algebra Isomorphism 

In order to show that W{Q, Ti) can be obtained from a secondary hamiltonian reduction of W(^, 7^'), 
we will use the theory of spectral sequences. For a good introduction see e.g. in appendix ^ we 
give a brief description of some main points in the theory. 

Assume that we have a Lie algebra Q and two regular subalgebras Ti' and H. with Ti' C 7i, as in 
the previous section. The principal s£(2) subalgebra of H! is denoted by {Mi,MQ,M^}, while the 
principal s£(2) subalgebra of 7i is {M_, Mq, M+}. The eigenvalues of the operator ad(Mo) defines a 
natural grading of Q: 

Q = Q-+Q0 + G+ = Y.Srn. (3.1) 

m 

A second grading is defined by Mq, but as described in appendix we can use the more general, but 
equivalent, grading operator ad(if') = ad(MQ + U). We write the corresponding grading as: 

g = g'^ + g'o + <3'+ = T^si (3.2) 

n 

We assume the gradings to be integer, and call H the corresponding grading operator^ We wish 
to constrain the negative grade parts of the two algebras, Q'_ and ^_ respectively. To each generator 
G Q- corresponds one of the first class constraints of the type 0"(2) = J°'{z) — = where the 
are constants. We denote by $ the set of these first class constraints, and similarly $' denotes 
the set of constraints corresponding to We assume that we can choose the constraints in such a 
way that $' C $, and we note that this implies that the following two conditions are satisfied: 

1) the set of simple roots of H' can be chosen to be a subset of the set of simple roots of H, and 

2) g'_ c g- 

The classification of triples Q, Ti.', and Ti. satisfying these conditions are given in appendix p. Note 
that although the "usual" constraints (defined by the grading ad(Mo)) obeying <!>' C $ are very few, 
the use of modified gradings as described in the appendix gives us a large class of triples that satisfy 
$' C 

^ For the algebras which we consider, it is always possible to choose an integer grading. 



Let us introduce the notation for the indices: 



tA e e ^0 u G+ 

ta G G'- taeGoUG+ 

ta e G-\G'. (3.3) 

Note that the generators ta must have grade zero with respect to H': ta G G'q (if ta G G'+ then 
we can find a G G'--, corresponding to a generator in G'- \ G-', but this is in contradiction with 
the condition 2) above). Note also that ta is a highest weight generator under the embedding of 
{M'_, Mq, M^}. To show this, assume a root basis, and let ai, 0^2, . . . , a„ denote the simple roots of 
H', and let ai, 0:2, . . . , Pi, P2, ■ ■ ■ , Pm denote the simple roots of H. We can write M'^ = J2 o^^ta^- 
On the other hand, since ta has grade zero under H' we find that we can write a = — J2njf3j. This 
shows that [M^,ta] = 0. 

We can write the constraints in the form: 

riz) = r{z)-x^ = o, re^' (3.4) 

0^(z) = J^(z)-x^ = 0, 0^G<l> (3.5) 

where Ml = x^^a and M_ = x^^a- 

Corresponding to the constraints ( |3.4| ) we introduce ghosts Ca and anti-ghosts 6", and we define 
the BRST current j' by (see eq. ( |2.5| )) 



f{z) = {r{z) - X^Caiz) + ^r\b^{z)c,{z)Ca{z). 

Similarly we introduce ghosts ca and anti-ghosts corresponding to (p.5|) . The set of ghosts Ca is a 
subset of the set ca and b"" is a subset of b^; in fact the set ca is the union of the set Ca and the set 
Ca, and the set b^ is the union of the set 6" and the set 6". The BRST current j is defined by 

j{z) = {J\z) - x^)cAiz) + ^f^%b^\z)cniz)cAiz). 

We define the current j" by j = j' + j", and we find 

f{z) = J{Z) - J'{Z) = {r{z) - X^Caiz) + ^if^%b^{z)cB{z)cA{z) - r\W{z)c,{z)Ca{z)) 

Corresponding to the currents j, j', and j" we define operators s, s', and s" by 

s(j){w) = f dz j{z)(f){w), 



and similarly for s' and s". 

Using ta G and ta G we can show that terms of the form f°-'^^b^CbCa, /"'^^b'^c^Ca, and 
f^^ Jj'^cpCa vanish. This means that we can write: 

f{z) = i.riz)-XnCa{z) 

+ ^{r^,b\z)cp{z)Ca{z) + l0\z)cp{z)Ca{z) + r\b\z)c,{z)Ca{z)) 

= {r{z)-XnCa{z) + \r%b''{z)Cf,{z)Ca{z) (3.6) 



where in the last hne J" is defined by J"(^) = s'{b''){z) + = ^°(^) + r\b''{z)cb{z). Note that 
since J" is a highest weight generator with grade zero under the grading operator H\ J" is actually 
a generator of the algebra W(^,7i'), so we can alternatively write 



X )Cc 



{z) + -rP^h\z)cp{z)c^{z) 



(3.7) 



Let A denote the algebra generated by the currents as well as their derivatives and normal ordered 
products. A' is the algebra generated by the ghosts and the anti-ghosts 6" (and their derivatives 
and normal ordered products), A" is generated by Cq, and 6", and A is generated by ca and h^. Note 
that A = A' ® A". The algebras A® A' and A® K are graded by ghost numbers, and we know 



12, 13, 16] that 



W(^?,7^) 

>v(g,H') 



H\A®K]s), 
H\A®A';s). 



(3.1 



We can define a bigrading on the algebra Q = A® A : Q = J2p,q such that s' has bigrading 
1^1, 0) and s" has bigrading (0, 1), namely: 



(3.9) 



Be careful that this bigrading is not the bigrading used in the previous section: it is based on two 
ghostnumbers, while for primary reductions, the bigrading is based on the gradation of Q, and on 
one ghostnumber (see eq. ( p.9|) ). Define 



J 


(0,0) 


Ca 


(1,0) 


Cq, 


(0,1) 


b" 


(-1,0) 


6" 


(0,-1) 



ghost 



f^^ c^'^cb is the ghost realization of the constrained part of the algebra. We will use as 
basis of VL the set of "hatted" currents and the ghosts and anti-ghosts {J, c, 6}. For each index A the 
algebra VL^ generated by and b^ is an s-subcomplex with trivial cohomology |T6 



Define VLred to be the algebra generated by { j"^, c^}. As in eq. ( |2.7| ) we find that 



H*inred;s)0\^^\C 



- H*{ilred',s) 
H*{^red', S) 



(3.10) 



i.e. we can reduce the problem to finding the cohomology of Clred, ignoring the trivial subcomplexes 
Q^. In our case it will turn out to be convenient to perform this reduction only partly, in the sense 
that we will use the Kiinneth formula only to extract the subcomplexes We will therefore define 



o 



fired to be the subcomplex generated by {J", Ca} and A". The full complex Q can be written in the 
form 

and we use the Kiinneth formula to find 

H''{Q;s) = H^{Qred;s) (3.11) 

Now we make a change of basis. As new basis we choose the currents J*^ = J" + f°''^^b'^Cb, the 
ghosts Ca and Ca, and and anti-ghosts b". We denote the space generated by J" and Ca by F, so we 
have Qred = r (g) A". Note that the cohomology of T with respect to the operator s' is the W{Q, 7i') 
algebra: 

= 5„,o>V(6;,H'). 

Note also that we have (F ® A")^'"^ = T^'O ® (A")°'^. 

We can now consider the spectral sequence corresponding to the double complex [fired] s' ] s") . 
The spectral sequence is a sequence of complexes (-E^''^; s^), such that 



n ker (s, 
E?''^nim (sr 



E^4, = H^^'^{Er;Sr) = ;7,^ (3.12) 



where Sr is a nilpotent operator of bigrade (1 — r, r), sq = s' and si = [s"]. The operators s,- for 
r > 2 are defined in appendix ^. The notation si = [s"], is to be interpreted as si([2;]) = [^"(a;)] of 
a given [x] G -Ei. This is well-defined because 

[s"{x + s'{y))] = [s"{x) + s"{s'{y))] = [s"{x) - s'(/'(y))] = [s'\x)]. 

It is now possible to show that if the spectral sequence collapses, i.e. if there exists R such that 
Er = Er for r > R, then^ we have 

E^" = (3.13) 
where E^o = E^ and F'^H is a filtration on the cohomology H{flred] s) defined by 

Fm^^, = H^^^mnredY--^^'; s) = ^.^^-"^.^^^'^CXln^''' ^3.14) 

(0,>o(fired)P *•«+*) nim S 

thus we can in principle reconstruct the cohomology H{flred] s) from the spectral sequence, on the 
condition that we can reconstruct H{flred] s) from the quotient spaces F^^p+g^^g+i^/p+g^ 
The first element in the spectral sequence is 

EP,''={nredr''={T0A'T'^. 

For the second element we find 

EP'i = HP'^iEo; So) = HP{T; s') ® (A")"'" = Sp,oMG,'H') ® i^'T'- (3-15) 
Actually this condition is sufficient but not necessary; it can in fact be relaxed considerably, see appendix ^ 



The third element in the spectral sequence is E2 = H{Ei, si). we find 

= HP''^{E,; si) = 5,,oH'^'^\W{G, n') ® A"; [s"]) (3.16) 

The spectral sequence collapses here, i.e. [s"] is the last non-trivial operator in the sequence. In 
fact i^f'' is nontrivial only for p = 0, and since Sr has bigrade (1 — r, r) it is clear that Sr is trivial for 
r > 2. We conclude that Er = E2 for any r > 2, and so Eoo = E2. Note that from equation (|3.7| ) it 
follows that if we restrict s" to VV(^,7i') ® A" then it maps into }V{Q,7i') ® A", which means that 
we can replace [s"] by s" in equation ( p.l6| ). 

From equation (|3.13|) it follows that we have 

f^iffp+yf^g+^HP+g ^ ^p-? ^ 6p^oHP''^{W{g, H') ® A"; s"), 

where F'^H^^'^ is defined in equation (|3.14 ). 

{VLredY''^ is trivial for p < 0, and therefore 0j>o(^re(i)*' is trivial for p < 0. Using lemma ^jof 
appendix ^ one can verify that this implies that if A; s) = E2, and that this isomorphism is in 
fact an algebra isomorphism. 

Let us collect the results of this section in the following 

Theorem 2 Gzven two W algebras W = W{g, H') and W = W{g, H) with H' C H. If we can find 
sets of first class constraints $' and $ (where W' is the result of imposing the set of constraints $' 
on Q^^'^ and W is the result of imposing $ on Q^^^ ) such that $' C $, then: 

1) It is possible to perform a secondary quantum hamiltonian reduction on W'. This secondary 
reduction consists of imposing a set $" of first class constraints on W'. There is a simple one- 
to-one correspondence between the constraints $" imposed on W' , and the "missing" constraints 
$\$'. 

2) Let A be the algebra generated by currents in Q^^^ and their derivatives and normal ordered 
products, and let A' be the algebra generated by the ghosts and anti-ghosts corresponding to the 
constraints // we denote by s' and s the BRST operators corresponding to the quantum 
hamiltonian reduction leading to W' and W respectively, then the BRST operator that corre- 
sponds to the secondary quantum hamiltonian reduction ofW' is [s — s'] = [s"]. Considering W' 
as the cohomology H^{A® A'; s'), [s"] on an element [x] G W' is defined by [s"]{[x]) = [s"{x)]. 

3) Let A and A" be the algebras generated by the ghosts corresponding to $ and $" respectively. 
The result of the secondary hamiltonian reduction of W' is 

H\w{g,n')®M'][s"]) ^ H\H\v®h"-s')-s") ^ H\A®k;s) = w{g,n). 



4 Quantum Secondary Reduction: Direct Calculation 



In section we explained briefiy the primary quantum hamiltonian reduction of the affine Lie 
algebra Q^^"* that results in the W algebra VV(^,7^). Let us recall some of the main points of the 
procedure: 

1) The cohomology H^{A® A; s) = H^{Q; s) is isomorphic to the cohomology H^{Qred', s), where 
Qred is the space generated by the "hatted" unconstrained generators J" and the ghosts Cq,. 
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2) There is a vector space isomorphism between the space flhw, generated by the hatted highest 
weight generators, and yV{Q,H). 

3) We can use the tic-tac-toe construction to construct exphcit reahzations of the generators of 
W in terms of the hatted unconstrained generators. The starting points for the tic-tac-toe 
construction are the elements of flhw 

4) We can show that there exists an algebra isomorphism between the algebra W(^,7i), and the 
algebra generated by the zero-grade part of the VT-generators as constructed by the tic-tac-toe 
method. This is the generalized quantum Miura transformation. 

In this section we will take the corresponding steps for the secondary quantum hamiltonian 
reduction. Among the consequences will be the secondary quantum Miura transformation and a 
systematic method of linearization of W algebras. 

Note that we have already found the BRST cohomology i7°(W' ® A"; s") to be identical to the 
algebra W{Q,H); the aim of this section is to construct concrete realizations of >V(^, ?i)-generators 
from the generators of W{Q, Ti'). 

4.1 Isomorphism between W(^, and HoiJ^red^s) 

The reduction of the W' algebra is defined in terms of the grading {H — H') . The fact that this is 
actually a well-defined grading of the algebra follows from the fact that the simple roots of Ti' has 
grade 1 both under H and H', which implies that [M'_^, [H — H')] = and therefore if — if' is a 
generator of W'. The generators to be constrained are W"' = J", which are just the generators with 
negative grade. 

Define T = yV{Q, H') (8> A". Just as in the case of the primary reduction, we define "hatted" 
constrained generators by 

and we find that in fact IV" = J°. For each a, define to be space generated by W°' and b°'. We 
note that F" is a subcomplex with trivial cohomology: 

ii"(F";s") = 5„,olC 

In the primary quantum hamiltonian reduction, we saw in section p.2| that it was possible to split 
the complex fl into a product of subcomplexes 

where the subcomplex Vlred was generated by the "hatted" unconstrained generators J" and the 
ghosts Cq. We want to show that we can split the complex F in a similar way: 

Property 1 It is possible to define a subcomplex F^ed generated by modified unconstrained generators 
and ghosts Ca, such that Tred is a subcomplex (i.e. s"{Tred) C F^ed)- 

We will do the proof by a double induction, using the conformal dimension and the (ii — ii')-grade 
of the generators as induction parameters. 

We consider the "twisted" algebra, i.e. the algebra where the conformal dimensions of generators 
without derivatives are given by the ii'-grade + 1, and the c ghosts have conformal dimension 
(alternatively we can think of it as simply a modified grade, defined by the ii'-grade + 1 + the 
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degree of derivatives). In this case the conformal dimensions of all the constrained generators is 1 
and the {H — if')-grade of the constrained generators is less than zero. 
We will need a lemma: 

Lemma 1 Consider an unconstrained generator with conformal dimension h and grade n: all 
unconstrained generators occurring in s"{W'^) has either conformal dimension strictly less than h or 
conformal dimension h and grade less than n. 

In the expression all generators are the result of OPEs between a constrained generator in 

j", and W^. Thus all monomialsQof generators occurring in s"{W'^) must have conformal dimension 
h and {H — if')-grade less than n. We can write: 

= P-p{c)W~^ + Qo^^{c)WW^ + ■ • • , 

where • • ■ denote terms that are of higher order in the generators (constrained or unconstrained). 
The conformal dimension of -P^(c) is greater than or equal to zero, so the conformal dimension of 
is less than or equal to and {H — i7')-grade less than n. Similarly, the conformal dimension 
of is less than or equal to /i — 1, and we see that even stronger inequalities hold for the higher 
order terms. This proves the lemma. 

Assume that we have already found hatted generators for all generators with conformal dimension 
less than /i, and define T^~l to be the space generated by these hatted generators and the c's. Assume 
that IV" is any generator with conformal dimension h and grade 0, we will show that we can define IV" 
such that s"(IV°) G ^^.^d ■ Consider s"{W°'). According to the lemma, all unconstrained generators 
occurring in s"(IV°) must have conformal dimension less than h. We can therefore write 

where the B/s are chosen to be linearly independent. Since j" is linear in the constrained currents, 
each of the terms Aij are monomials in the constrained currents, the IV" 's. Let us consider only 
those terms that have the highest grade, considered as monomials in IV". 

s"(IV") = + lower orders terms , is order m in IV" 

id 

Now apply s" once again. We get: 

= E{^"(A7])B,±A^s"iB,)) 

We know that s"{Bj) G LJ^'^^ and s"{Al]) G B. We also know that s"(v4^) is of order m + 1 in the 
IV"'s, and these are the only possible terms of order m + 1; and since the expression must vanish 
order by order in the IV" 's, we find 

id 

Since the -Bj's are linearly independent we find that 

i 

*We use the word "monomial", even though what we have is actually a normal-ordered product. 
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Now we use the fact that B has trivial cohomology: since X^i ^i] is in the kernel of s" it must be in 
the image of s", so we can find Xj (of grade m — 1 in the W"^s) such that s"{Xj) = A^. Define 

3 

We find that: 

s"{W^^)) = Y.^TjBj+ lower orders terms -Y,{s" {Xj)Bj ± Xjs'\Bj)) 
= lower order terms - J] ^ ^ ) 

= lower order terms =F Xjs"{Bj) 



(the ± depends on the Grassman parity of Xj). All these terms are of order at most m — 1 in the 
PF"'s. By induction we see that we can define such that s'^W"') is a polynomial of degree in 
the constrained currents. 

We want to show that in fact no 6's appear in s"(iy") either. Actually this is quite simple: write 

s"{W^) = B + J2 Bab"- + E Bafsb'^bf' + ■■■. 

Apply s" again to get 

= s"iB) + s"{B^)b^ ± i?,(> - x") + • • • 

a 

Since s"{Ba) does not contain any constrained currents, we must have = J2a BaJ"', but this can 
only be true if -Bq, = for all a. We see that indeed s'^W") G Tred- 

Now assume that we have found hatted generators for all generators with conformal dimension 
less than h, and with conformal dimension h and grade less than n, and define ^redn-i to be the space 
generated by these hatted generators and the c's. Assume that W"' is any generator with conformal 
dimension h and grade n, we want to show that we can define W"' such that s"(IV") G ^redn-i- 
Consider s"(W^"). According to the lemma, any unconstrained generator that occurs in s"(Vr°) 
has either have conformal dimension less than h or conformal dimension h and grade less than n. 
We can therefore write 

s"(w^) = Y: AjB,, a, e B, e r:?,,,^,. 

We can therefore repeat the arguments from above word by word to define VF" such that s'^W"') G 

^ red- 

We have shown that to any generator W"" we can construct such that s"(iy") G Tred- We 
have therefore shown that Tred is a sub-complex. 

□ 

Thus, s"(Tred) C Tred, and we can then use the Kiinneth theorem (see eq. ( p.7|) to find 

H*{T;s") ^ H*(Tred®{^T^y,s"^ 

- H*{Tred;s")®{^aH*{T";s")) 

^ H*{Tred]s") (4.1) 



Thus in order to calculate the cohomology H*(T; s") it is in fact enough to calculate H*(Tred', s"). 

Next step is to split s" into two anti-commuting nilpotent operators Sq and s'( defined by the 
currents Jq and j" respectively, 

j'liz) = W'^{z)cUz) + ^r^^b^z)cfs{z)c^{z) (4.2) 

In order to verify that Sq and s" are indeed nilpotent and anti-commuting one can either directly 
calculate the operator products ii{z)i'{{w) etc., or one can use the fact that Sg = Sq — s'q and 
s'l = Si — s']^, where Sq, Sq, Si, and s'^ are all nilpotent and anti-commuting. 

Corresponding to this split, we can define a bigrading of F: 

W,W' ■ (m,-m) 



(m, — m — 1) 

(-m,m + l) (4.3) 



where m is the grade of or defined by the grading [H — H'); with these definitions Sq has 
bigrading (1, 0), while s'( has bigrading (0, 1). We can now define the spectral sequence corresponding 
to the double complex (F^ed; s'q, s"). 

The first element of the spectral sequence is 



-^0 — red) 

while the second element is the cohomology of s'q': 

E, -H {Eq,s,) - rP,.nim(s^') ^^-^^ 

In the primary hamiltonian reduction one can show that for each ghost ca, we can find a linear 
combination of generators claaJ^^ such that 

SoiaAAJ'^iz)) = So {aAAf^''cib^CB)o{z)) = -aAAf^"" cX^cb{z) = ca{z) 

If we replace the index A by a in this equation, then since the index a corresponds to a generator 
with if'-grade zero and A has non-negative if -grade, then we find that also B and C has if'-grade 
zero. This implies that So(aQ,^ J^) = 0, and since Sq = sq — s'q we find 

s'oi^^aAJ^iz)) = Cc{z). 

This shows that the ghosts are Sg-exact, and the cohomology of s'q is only non-trivial at ghost- 
number zero, i.e. we find 

Ef''' = HP'^{Eo;s'^^6,+,,oTo (4.5) 

Where Fq is the cohomology of Sq at ghostnumber zero. 

We recall that in the primary quantum hamiltonian reduction, the zeroth cohomology of sq is 
flhw In the secondary hamiltonian reduction there is no notion of highest weights, but Fq can be 
considered to be the secondary hamiltonian reduction analogue of 

Equation ([4.5[), together with the fact that the bigrade of the operator Sr is (1 — r, r) implies that 
Sr is trivial for r > 1. Thus the spectral sequence collapses already here, and we have 



E^J = Ef'" = H^'^iEo; s'q') - 6, 



'p+q,0 J- 



Using the equation (|3.13| ) of the theory of spectral sequences, we find that 

where F'^{H^^^) is defined as in eq. ( p.l4| ). 

Note that with the bi-gradings defined in (|4.3| ), F^^'J^ is trivial for g > 0, so F'^F^^' = ©j>oF^^*'^^* 
is trivial for g > 0, so we can use lemma |^ page and find 

H''{Tred;s")^6n,oTo; (4.6) 

however, this isomorphism is a vector space isomorphism but not an algebra isomorphism. 
We have proven the following: 

Theorem 3 The BEST operator s" defined by 



s"{(f)){w) = j> dz j"{z)(j){w) 

J w 

f(z) = {W'^{z)-x'')caiz) + r^^iWcpc^Uz) (4.7) 

corresponding to the secondary hamiltonian reduction VV(^,7Y') y\^{Qi'H) can he split into two 
anticommuting, nilpotent operators Sg and s'l defined by 

j'l(z) = W"{z)c^{z) + r^^{Fcpc^Uz) 

The cohomology of s" is 

where Fq = H^{Tred', s'^) . This isomorphism is a vector space isomorphism, but not an algebra 
isomorphism. 



= 



Note that F^ed does not contain any elements of negative ghostnumber, and consequently F, 
ker (sq). This, together with the fact that we know the number of generators of Fq (it is equal to the 
number of generators of W) considerably simplifies the problem of finding Fq in concrete examples. 



1 c 



4.2 Explicit Construction of Generators. 

Once we have found the generators Vq of Fq, we can use the tic-tac-toe construction to find the 
generators of H^{rred: i.e. the generators of W. These take the form 

1=0 

where is defined inductively by Si(Vg^) + Sq(V^^i) = and p is given by Vq G V^r^/ (i.e. it is 
the grade of Vq). Note that if Vq has bigrade (p, — p), has bigrade {p — 1, —p + 1), etc. has 
bigrade (0, 0), and the construction stops here because s'[ vanishes on generators with grade zero. It 
is easy to verify that with this construction, s"(y^) is indeed zero. 

The resulting generators constitutes a basis of the algebra W. In principle the operator 
product expansion of these generators close only modulo s"-exact terms; however, since there are no 
elements in T with negative ghostnumber, there can be no s"-exact terms with zero ghostnumber, 
and therefore the algebra of the closes exactly. 



4.3 Generalized Quantum Miura Transformation 

Because the operator product expansion preserves the grading, it is clear that the grade zero part 
of the generators gives a copy of the VW-algebra, or more precisely: the map V'' —>■ Vp {V'' — 
Vq + + ■ ■ ■ + Vp) is an algebra homomorphism. In order to show that this map is in fact an 
algebra isomorphism, we need to show that the map is an injection. To show this, one can consider 
the so-called "mirror spectral sequence" , the spectral sequence obtained by inverting the role of Sq 
and s'(. Thus for the mirror spectral sequence, we define 



Ke', n ker (.'/) 



E?''^ n ker fs""! 



etc. We already know that H*{rred', s") is nontrivial only at ghostnumber zero. This imphes that 
also E^^ is nontrivial only at ghostnumber zero, i.e. at g = —p. We find that s'KW^) = iff 
has bi-grade (0, 0). To see this, note that s'/ has bigrade (0,1), and that r°g^ = {0}. This shows that: 

has bi-grade (0,0) s'l{W^) = 0. 

To see that the opposite is also true, note that for each with grade larger than zero, there is a 
W such that 

W''{Z)W^{W) = ^-TTTTTTT + • • • 

where • • • denotes less singular terms. This gives rise to a term proportional to d^^Ca in s'({W^)] 
and one can show that this term will not be cancelled by other terms in s'l{W^), thus showing that 

s'Kw^) ^ 0. 

It follows that 

-C/l - Opfi J- red 
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Therefore there is an isomorphism of vector spaces 



0,0 

oo 



and therefore the map from H^^Tred', s") to its zero grade component is injective, and therefore indeed 
an isomorphism of algebras. This proof is essentially identical to the one given in [|T^ for the case of 
the primary hamiltonian reduction. 
We have shown: 

Theorem 4 For generators of W, constructed using the tic-tac-toe construction defined above, 
the mapping 

V'' = Vo^ + ¥1" + ■■■ + ^ 

of the generator to the zero grade part of the generator is an algebra isomorphism. 



This mapping is the generalization of the quantum Miura transformation to the case of the 
secondary hamiltonian reduction. 

This theorem means that we can realize the generators of the algebra W in terms of the generators 
of the simpler algebra VVq, generated by the "hatted" grade zero generators of W'. Wq always includes 
the energy- momentum tensor T, since T is always part of the grade zero subspace of W'. 

This construction gives us an impressive variety of new realizations of W algebras: for every 
possible secondary hamiltonian reduction, written in the form 



we get a realization of the generators of VV(^, Ti) in terms of the hatted generators of the grade zero 
subalgebra of W(^, Ti'). 

Similar realizations of W algebras in terms of simpler W algebras have been constructed before, 



see e.g. however, the present construction gives a systematic method for constructing a large 



number of such realizations. 



4.4 Example: W(s£(3), si{2)) W3 



Let us consider the simplest possible example of the secondary quantum hamiltonian reduction, 
namely the reduction of the Bershadsky algebra W(s£(3), si{2)) to the W3 algebra. We consider the 
regular embedded si{2) subalgebra {Ea^^, Ha^^, E^aA- The corresponding standard grading of si{3) 
is 

1 



As described in section 
we choose 




we can modify the grading operator by adding a U{1) current. If 



U 




then we get the modified integer gradings 




1 T 



The constrained current corresponding to these gradings are 



Jjai jai jai+a2 

Jred =1 1 - H'^' J'^^ 



(4.9) 







J-0!2 —}JO!2 



(to simpUfy the notation we suppress the z dependence). The grading and constraints for the W3- 
algebra are: 

/ 1 2 \ / j"i+"2 



-1 1 
V -2 -1 



Jr 



ed 



\ 1 



(4.10) 



We introduce ghosts c^a^, C-qj, c_q,j_q,2, and anti-ghosts b b b Corresponding to the 

constraints ( [4.9| ) and ( |4.1CI| ) we have the BRST currents j' and j respectively: 



/ = (J-"^ - l)c_„, + J-"^-"^c_,,_„, (4.11) 

J (<-^ l)C— Qj^ ~l" (t/ l)C_Q,2 J C_Q,j_Q,2 ^ C_Q,-^C_Q,2 



We define "improved" generators 



j-a2 



JC.2 
jai+a2 



O f (^_Q,J^_Q,2 

J'Q:i+a2 



_ J,— Qi-a2^ 
ai ^ CKi— a2 



-ai— a2 



and we find that W(s£(3), s£(2)) = i^°(^ (g) A'; s') is generated by 
J = + 2#°2 

6*+ = J"^+"2 + (fc + 2)aj"2 -(#'"iJ"2)o-(i^"V"^)o 



(4.12) 



T 



J' 



1 + A; 



1 



- (if"iif"i)o + (//°^iy"^)o + (i^°'iy 



Here J is a t/(l) field and are primary bosonic spin | fields. With the normalizations chosen, we 
have 



9 + 6A; 

[z — wy 

±3G^{w 



z — w 



+ ■ ■ 



(4.13) 



(A; + l)(2A; + 3) {k + l)J{w) {k + 3)T - ^dJ - \{J J\ 



{z — w)^ {z — wy 



+ 



+ 



z — w 



where ■ ■ ■ denotes non-singular terms. The central charge is c = — ■^^^-^^fq^fy^- 

The BRST current for the secondary hamiltonian reduction can now be written in the form: 



j" = (J-"^ - l)c-.2 + r"^-"^c_,,c_«2 = (G- - l)c- 



■012 



(4.14) 
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The operator s" is found to act on the fields as follows: 

3„_ 1 
-( 
2 

s (t/) — 3G c_Q,2 

= -{k + 3)Tc.^,-{k + l)Jdc^^,~'^dJc.^, + ^{JJc.^,)o 
s"(r"2) = G^-l (4.15) 

and s"{G^) = ^"(c^aj = 0- The "hatted" operators are: 

= G- 
G+ = G+ 

J = J-3b-"^c_a2 (4.16) 

and we find that s"{T) = |(9c_„2 and s"{J) = Sc^^j. The operators Sq and s'/ are given in terms of 
the currents Jq and j'{ respectively: 



T = T - -r°2(9c_„2 + -c-„2<9r°2 



Ji = G c_ 



a2 



We find that the generators of Fq = H'^{Tred', Sq) are T2 = T — \dj and G+. T2 is already in the 
cohomology of s", and using the tic-tac-toe construction with as the starting point, we find W: 

T2 = T-^dJ (4.17) 

W = G+-l(JJJ)o + ^(jaj)o + ^^(TJ)o 

{k + 3){k + 2) ^ _ (k + 3)k + 4 ,j 
2 12 

" 2 

This gives us a realization of the W3 algebra in terms of the generators of (W3)>o, the "hatted" 
generators of Wg with non-negative grade. 

Using the primary hamiltonian reduction, we can find expressions for G~^, T, and J in terms of 
the currents of the affine algebra si{3)^-^\ Inserting these expressions into equation ([4.17|) gives us a 
realization of W3 in terms of the currents of the si{3)^^\ Note, however, that this is not identical 
to the realization we would get by doing the hamiltonian reduction to W3 in one step, using the 
primary hamiltonian reduction. 



5 Linearization of W-algebras 



Very recently, the construction of linearized W algebras |2y] have attracted some attention. The idea 
in this construction is to add some extra generators to an algebra W, such that the resulting larger 
algebra is equivalent to a linear algebra. 

We will show that the secondary quantum hamiltonian reduction gives us a general method to 
find such linearizations of W algebras. In the specific case of the linearization of W3, we find the 



same result as 20 
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The basic idea of our construction is very simple. Define W'_ to be the subalgebra of W' with 
negative grading, i.e. the constrained subalgebra of W', and define W>o to be the subalgebra with 

nonnegative grading. Define furthermore VV>o to be the algebra generated by the "hatted" generators 
in W>o. We have above shown (property |l]) that we can construct a realization of W as differential 
polynomials in the generators of W>o- Let us denote the number of generators of an algebraQ^ by 
1^1, and define 



n=\W\- |W 



>ol 



We will show that it is possible to add n of the generators of VV>o to W, in such a way that there is 
a invertible transformation between the resulting algebra Wext and VV>o. 



Let us write W>o in the form 



V. 



{V is not uniquely defined). It follows from the tic-tac-toe construction that the generators of W have 
the form: 

W = Wo + Wi, Wo e To, Wi e V. 
It is now clear, that if we extend W with a basis of generators in V, then the transformation 



>o 



Werf is invertible. We have 



Theorem 5 Write the algebra VV>o in the form VV 



Tq © V, where Tq = ker (s"). Define W. 
to be the algebra W extended with a basis of generators in V. Then there is an invertible mapping 



>o 



ext 



: W 



>o 



ext 



We see that every secondary hamiltonian reduction gives rise to an embedding W "—^ V^ext-, where 

Wext is equivalent to an algebra VV>o that will in general be simpler than W. 

"I ~ "I 

If VV>o is linear, the result of this procedure is a linearization of W. Generically, VV>o is not 

linear, but we find that it is actually linear for a large class of reductions: 
Property 2 All algebras of the form 



Pi > Pn + 1, W n > 2 



can be linearized by the secondary hamiltonian reduction 

W{si{N), s£{2)) W{s£{N), 

The tic-tac-toe construction gives an algorithmic method for the explicit construction of these lin- 
earizations. 

Let us restrict ourselves to showing this in the case of W(s£(n), si{m)) - the general case is a straight- 
forward generalization. So we consider the secondary reduction }V{si{n), si{2)) W(s£(n), si{m)). 
The constraints and highest weight gauge corresponding to W{s£{n), si{2)) are 



1 * 
* 



U T 


Gi 


G2 ■ 


■ ■ Gn~2 


1 U 





■ 





Gi 








G2 


si 


(n-2) 


n— 2 


Gn-2 









^It remains to show that A is indeed an algebra. 



The G's are bosonic spin | fields. The U{1) operator U commutes with the s£{n — 2) Kac-Moody 
subalgebra in yV{si{n), s£{2)), while the G's have positive and the G's negative t/(l)-charge. This 
shows that the only possible operator product expansions containing nonlinear terms are Gi{z)Gj{w). 
The constraints corresponding to W{si{n), si{'m)) are 



1 







^00 



1 * 

* 
* 



* \ 



We find that the secondary reduction is made by constraining Gi = 1, G2 = 0, . . . , Gn-2 = 0, in 
general in addition to constraining also a number of the Kac-Moody currents. Since all the fields Gi 
are constrained, it follows that W>o is linear. 

For the so{n) algebras, due to the few cases that allow the secondary reductions (in our frame- 
work), it is clear that we will not be able to linearize most of the corresponding W-algebras. In fact, 
demanding that the starting W-algebra is built on H = si{2) and reasoning as above, it is easy to 
see that only the algebras^ W-BC2 and VV-D3 can be linearized (the last one being in fact identical 
with WA3). 

For sp{2n) algebras, the complete classification of linearizable W(sp(2n),7f) algebras is quite 
heavy and beyond the scope of the present article: we refer to for an exhaustive classification. 
Let us just remark that the secondary reduction W(sp(2n), sp(2)) W{sp{2n),H) with H simple 
always provide a linearization of the W{sp{2n),T-C) algebra. 

Let us remark that the spin of the new fields we add to linearize the algebra are always positive, 
since we take the positive grade part of a given >V-algebra|]. 

The most popular W-algebras are the W(^, Q) = WQ ones: it is natural to see whether one can 
linearize these algebras. From the above property, it is easy to deduce: 

Property 3 The W-algebras WAn and WCn can be linearized by the secondary reductions through 
the schemes: 

W{si{n + l),si{2))^WAn 
W {sp{2n),sp{2)) WCn 

For the WBCn, and WDn algebras, our techniques allows to linearize only the WBG2 and WD^ 
algebras through 

>V(so(5),so(3)) ^WBC2 
>V(so(6),so(3)) ^WD^ 

The above method of linearizing W algebras is not limited to the secondary quantum hamiltonian 
reduction - it can also be used in the primary quantum hamiltonian reduction. Following the above 



^We denote by WBCn the algebra W(i?„,i3„) obtained from Hamiltonian reduction of Bn to distinguish it from 
the Casimir algebra Wi?„ that contains a spin 2±i field. WBCn as the same spin contents as WCn but different 
structure constants. 

^Actually the spin is at least 1. 
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procedure in that case, we find any W algebra yV{Q,H) can be extended by adding the generators 
in QyQ which are not highest weight, G>o are the hatted affine currents with non-negative grade: 

^e.t = w + {g^il \ g^^l 

The algebra W{g,n) 

ext is then equivalent to ^>o- 
As explicit examples of the linearization using secondary hamiltonian reduction, we will give 

the two simplest: the linearization of W3 = W(s£(3), s£(3)) using (W3)>o = >V(s£(3), s£(2))>o 



(this linearization was already given in |^), and the linearization of VV4 = W(s£(4), s£(4)) using 
(W(s£(3),s£(2))>o. 

Note also that the secondary reduction VV(so(5), so{3)) — > ^(50(5)) will provide the linearization 
of the W2,4 algebra EO]. For the linearization of the VV-B2 algebra (containing a spin | field), a 



secondary reduction of super algebras will have to be performed 



5.1 Linearization of W3 



As we already saw in example in section [4.4| , W3 can be realized in terms of the generators T, G^, 
and J: 

T = T-^dJ (5.1) 

W = - ^iJJJ)o + ^^iJdJ)o+^-^^ifj)o 
27 3 



dT- ' ' d'J (5.2) 
z 12 ^ ' 

If we add the current J = J to the W3 algebra, then it is clear that the transformation {T, W, J} <-> 
{T, G"*", J} is invertible. The new operator product expansions of the extended W3 algebra are: 

J{z)J{w) = + 



T{z)J{w) = -^ + - + + ■ 

[z — wy^ [z — wy z — w 

J{z)W{w) = 



{z — wy 

12 + Qk 

{z — wY 

(A;2 + 5k + 6) J {2^ + 12k + 18)T - |(A; + 3)(JJ)o + |(3P + 15A; + 18)dJ 
{z — wy {z — wY 

3w + |(fc2 + 5fc + 6)ar + \{2e + 9fc + ii)av - (^ + 3)(tj)o 

z — w 

^ l(JJJ)o-(A: + 2)(JgJ)o ^ 
2 — w 

while the (equivalent) nontrivial operator product expansions of the linear algebra generated by 
T, G"*", and J are 

= - , ^ + + ••• 

[z — wy [Z — wY z — w 

nz)G^{w) = ^^ + ^ + ... 

[Z — W)'' z — w 



00 



-6 



J 



nz)j{w) = ——- + —-— + 



dJ 



{z — w)^ (z — w)2 
3G+ 



+ 



w 



J{z)G+{w) = + (5.4) 



z — w 



and of course J{z)J{w) — J{z)J{w). 
5.2 Linearization of 

In order to show an example where the hnearization has not been done before, we take the hneariza- 
tion of the W4-algebra. In this case, the algebra W(s^(4), s£(2)) contains T, a U{1) subalgebra gen- 
erated by U , an afiine s^{2) algebra generated by and K^, and 4 spin | fields G'^'^, e = ±, cr = ±. 
G^'^ has ?7(l)-charge el and the eigenvalue under is (t|. 

In the secondary reduction we constrain G~^ and K~ ^ so the algebra >V(s£(4), s£(2))>o is gen- 
erated by T, G"*"^, i^'^, K^, and C/. are primary Virasoro and Kac-Moody fields, with spin |, 
C/(l)-charge 1, and eigenvalue ±| under K'^ is a primary spin 1 field with eigenvalue 1 under 
(and C/(l)-charge 0). the central charge is c = _3(H^±1^^±M^ and the rest of the nontrivial operator 
product expansions are: 



f{z)U{w 

f{z)K%w 

U{z)U{w 

k\z)k\w 

k+{z)G+ 



[z — w)-' 

-1 

{z — w)^ 
k + A 

{z — wY 

k+A 
2 

{z — wY 

-G++ 
h 



+ 

+ 
+ 

+ 



U 



[z — wY 

k^ 



+ 



dU 



+ 



w 



z 



H h 



w 



w 

z — w 

The tic-tac-toe construction gives us the expressions for the generators of W4: 



(5.5) 



T 



T - dK^ - 2dU 

G+- - 2{k+U)o + {2k + Q)dk^ + (4 + k){fU\ - \{UUU)q 

-2(f/i^°i^O)o + (A; + l)(C/aC/')o + (^ + 2){Udk")o + 4{k + 3){k^dk\ 
{3k + 8) 



-d^U -{k + 2){k + 3)9' X° -{k + 3){k + A))dT 



Wa = 



G++ + {k+k+)^ + -{G+-u\ + {G+-ky -{k + 4){fk+)o 
+^{uuk+)o + 2{k'k'k+)o -{k + 3){udk+)o 

-{k + l)(9C/X+)o - 2{k'dk+)o - k{dk'k+)o + (22 + 13fc + 2fc') ^,^ 
(4 + A;)2(952 + 643A; + 108A;2 



4(2552 + 1763A; + 300A;2) 



-(TT)o + 



A: + 4 



(Tt/t/)o- (A; + 4)(Ti^"i^'J)o 



lb Z 4 

(4 + fc)(40 + 793A: + 513A:^ + 84A:3 3fc + 10 ^ 

+ 2(2552 + 1763A: + 300P) " )o 

(4 + .)(11504 + 12158fe + 4251.J + 492P) ^ ^ k)iuk^8k^). 

2(2552 + 1763A; + 300P) ^ ;o v ^ a ;o 

+ nk^k«8k\ ~ 3(4 + <.)(8 + 3t)(13 + 4<.)(184+12U + M^)^ 
^ ^" 8(2552 + 1763A; + 300P) 

+ '''' ^ '"Jf.: ''lit! ^ ^ jauau), + + 6* + #/f°)o 



4(2552 + 1763fc + 300A; 

15152 + 27782A; + 18163P + 5077P + 516A;^ /ar>o^J^o^ 

+ 2(2552 + 1763A: + 300P) ^"^^"^^ 

168352 + 235972A; + 123812A;2 + 28811A;3 + 2508fc\^^^ .^^^ 

[oK oK )q 



4(2552 + 1763A; + 300P) 

f°K°)o + (2A;2 + 13A; + 22 
244688 + 354290A; + 201124^;^ + 55477A;3 + 7326A;^ + 360A;5 



-{k + l)(9f/i^°K°)o + {2e + 13A; + 22){k^d^k\ - ^^^(Ud^U)o 



— , , — - — ' — ' — ' d^U 
12(2552 + 1763A; + 300P) 
1179328 + 1976920A; + 1325876A;2 + 445043P + 74808A;4 + 5040A;5^3^o 
24(2552 + 1763A; + 300P) 

-dW^ (5.6) 



2 

We define the algebra (W4)ext by adding the generators k^^k^, and (j to the W4 algebra. It is 
obvious that there is and invertible transformation between this extended algebra, and the linear 
algebra generated by f , (7++ k+, and U. 



6 Conclusion 

In this paper, we have considered secondary quantum hamiltonian reductions, i.e. hamiltonian 
reductions that can be described by the diagram: 




or in words: starting with a Lie algebra Q, and two regular subalgebras Ti' and Ti with Ti' d Ti 
satisfying certain conditions as described in appendix |B|, we carry out the hamiltonian reduction 
of the W algebra WiQ^Ti') with suitable constraints, and show that the result is the W algebra 

O A 



Note that for Q=s£{N), the conditions that we impose on Ti' and Ti. in order to perform the 
secondary quantum hamiltonian reduction are more restrictive than the conditions necessary for the 



classical secondary hamiltonian reduction, see [19|. This should not be taken as a sign that not 



all classical secondary hamiltonian reductions can be quantized; it simply reflects the fact that the 
method that we have used for the quantum secondary reduction in this paper cannot be applied 
to all possible secondary reductions. On the other hand, we have been able to explicitly do some 
quantum reductions when Q = so{N) or Q = sp{2N), while the techniques has not been developped 
for the classical case. 

The quantum secondary reductions show that the W algebras W{Q,H) that can be obtained by 
the hamiltonian reduction of a certain affine Lie algebra Q^^^ are not only related by their common 
"ancestor" but that they are mutually directly connected by the hamiltonian reduction. As a 
simple example, consider this diagram of the possible hamiltonian reductions connecting the algebras 
W(s£(4),7i); the simple lines symbolize the quantum reductions we have been able to perform, the 
double lines symbolize secondary reductions that gives rise to linearizations, and the dashed line the 
classical secondary reduction that is not quantized by our method: 




There are two important consequences that follows from the secondary quantum hamiltonian 
reduction. One of these is the secondary quantum Miura transformation. The usual quantum 
Miura transformation can be used to find free field realizations of the W algebras, and in a similar 
way the seondary quantum Miura transformation can be used to find realizations of W algebras 
in terms of subalgebras of other W algebras. For example, in the diagram above there are 4 (5 
if the dashed line is included) possible secondary reductions , and the secondary quantum Miura 
transformation corresponding to these gives us realizations of W4 in terms of VV(s£(4), s£(2)) or 
>V(s£(4),s£(3)), and of W{si{A), si{3)) and >V(s£(4),2 si{2)) in terms of W(s£(4), s£(2)) (and W4 
in terms of W(s£(4), 2 si{2)) if the dashed line is included). 

The other consequence that follows from the seondary quantum hamiltonian reduction is the 
linearization of W algebras. For a large class of algebras yV {G , Q)n=iHn) , where the possible Tin's 
are given in section ^, we can find a secondary hamiltonian reduction and a corresponding extended 
algebra W(^, ©l=i?in)ezt which is equivalent to a linear algebra with new genrators of positive spin. 
In particular, we are able to linearize the WA„, WC„ and WBC2 algebras. To take once again the 
diagram above as example, this procedure can give us linearizations of W4 and W(s^(4), si{3)). This 
linearization of W algebras could be very useful in study of the representation theory of W algebras. 
In fact one could use the linearization to reduce the representation theory of the non-linear W algebras 



to the representation theory of the corresponding hnear algebras. 

Note that, as mentioned above, we have not in this paper exhausted the possible secondary re- 
ductions; a number of classical secondary reductions cannot be quantized using the present methods, 
and it would be of interest to find a method to quantize these remaining secondary reductions. 

Besides these problems, there are other open questions about the secondary quantum hamiltonian 
reduction. It would be interesting to generalize the procedure to supersymmetric W algebras, and to 
do the secondary quantum Miura transformation and the linearization also in that case . Another 
interesting possibility is to study in more detail the linearization of W algebras, and to what extent 
we can actually reduce the analysis of the non-linear W algebras to the analysis of the matching 
linear algebra. 
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Appendices 

A Spectral Sequences 

In this appendix, we will give a few key definitions that are used in the theory of spectral sequences. 
For a good introduction to the theory of spectral sequences see e.g. ||25[| . 

We assume that we have a complex s), i.e. a graded space Q = J2n^^ and a nilpotent 
derivation s : — »• ri""*"^. We assume furthermore that it is possible to define a filtration on the 
space, i.e. a sequence of subspaces F'^Q such that 

{0} C ■ ■ ■ C F'^+^Q c F'^Q c F^-^Q C---CQ. 

We define a sequence of "generalized co-cycles" Z^'^ by 

We note that it is natural to define 

= F'^nP+1 n ker s. 
We also define a sequence of "generalized co-boundaries" B^'"^ by 

BPJ = FW+^nims, (A.2) 
and we see that (suppressing the (p, q) indices) 

• ■ ■ C Bj. C -Br+i C ■ ■ ■ C -Boo C Zqq C ■ ■ ■ C Z^+i C C ■ ■ • 



From these generalized cocycles and coboundaries, we can now define a sequence of "generalized 
cohomologies" E^''^ by 

E^J = Zl^y [Zl^'^^^' + B^j) (A.3) 

It is now possible to show that for every space Er, we can define a nilpotent derivative Sr- Sr is 
defined by the commutative diagram: 

s 

ZP'I s. '7P+l-r,q+r 

r r 

Vi iv (A.4) 

f]P,g ^ fT;P+'>--r,q+r 

r r 

where 77 is the canonical projection operator from Z^. onto E^.. In other words, for [x\ e -E^'^, 

Sr{[x\) = [s{x)\. 

With all these definitions, we are now finally in a position to state the main theorems of the 

theory of spectral sequences: 

The "generalized cohomologies" E^. that we have introduced are in fact cohomologies, namely 

EP'^^^HP'i(Er;Sr) (A.5) 

If the filtration exhausts all of the space fl, and if the generalized co-cycles Z^''^ converges to Z^^, 
i.e. if Q = U„F"Q and = HrZP'i, then 

E^" ^ F'^HP+yF'i+^HP+'i (A.6) 

where F'^H is the filtration on the cohomology H{Q; s) induced by the filtration on Q: 

pqffP+i = HP+%Fm; s) 

This is the principal result of the theory of spectral sequences. It gives us a way to find the coho- 
mology H{Q; s). supposing that we are able to use the knowledge of the spaces i^9ifP+9/i?'9+ii7P+9 
to reconstruct H{Q;s). The usefulness of the spectral sequences rests on the fact that in practical 
application the spectral sequence often collapses after a few steps, i.e. Sr is identically zero for r > tq 
where ro is some low number. 
Let us show the following 

Lemma 2 If Fm = forq>0, then H{Q] s) ^ ^oo 

Namely F^Q = for g > imphes that FiHp+i = for 5 > 0. This means that 

EPfi ^ F^HP/F^HP ^ F^HP (A.7) 
^ F~^HP/F°HP (A.8) 



etc., and we can use this to show that 



or equivalently (since = for g > 0) 

r£7Z 

which proves the lemma ^. 

Let us mention here that the isomorphism E^^ = jp'^ ffp+i / Fi+^ }{p+i is in general a vector space 
isomorphism. If the space Q in addition to being a vector space is also an algebra (as in the case 
that we are interested in here) then if we can define algebras on all the cohomologies in the spectral 
sequence such that the algebra on i^g'^ = F'^Q^^'^ / F'^'^^Q^^'^ is induced by the algebra on F'^Q^'^'^, i.e. 
[a], [b] e Eq : [a] o [b] = [aob] (where o denotes the algebra composition), and the algebra on Er+i = 
H{Er,Sr) is induced by the algebra on Er, then the the isomorphism E^ = _P'?ifP+'?/_p9+iiJP+'? is 
an algebra isomorphism. However, even if E^^ = _p<?_f/'P+'?/_p9+if/'p+g is an algebra isomorphism, it 
may be nontrivial to reconstruct the algebra of H^{Q] s). 

In the case where the complex [Q; s) can be given the structure of a double complex structure 
(f2; s', s") with two anti-commuting nilpotent operators s' and s", and with a bigrading Q = f^^''^, 
the spectral sequence simplifies somewhat. Define s = s' + s". The filtration is defined in terms of 
the bi-grading as 

Fm = Q''^ 

i(l:'ZZi,j>q 

F'iQP+'i = Qr^P-^'^+i (A.9) 

i>0 

The first element in the spectral sequence, i?o, is defined by 

El'"" = F''QF+^ /F^+^QF^'' = (A. 10) 

and the nilpotent bigrade (1, 0)-operator sq on Eq is defined by the commutative diagram 

s 

in (A.ll) 

So 

where t] is the canonical projection operator 

T) 

F'iVlF+'i F'^VF^y F'^^^VL'P^'^ = Vt^^" . 

This means that if we identify x G -Eg'^ with x G F'^VP^'^, then sq{x) = ri{s{x)) - and since t] here is 
the projection operator on fiP+^'^^^, sq is simply the bigrade (1,0) part of s: Sq = s'. 



oo 



The second element in the spectral sequence is 

El'" = Zl'^/iZl-^'"^^ + Bl'") 

n s(np-i'«) ^ ■ ' 

Note that fi^-^ n 5-^^^'^+^) = VP^" n ker sq and VP^" n = VP''^ n im sq; so, in agreement with 

equation ( |A.5D , we can also write Ei as 



El'" = W^'"{E^;s,) (A.13) 
The operator si on E'l is again defined by the commutative diagram 



s 

Vi iv (A.14) 

El^i El'"^^ 

Sl 

and 7] is again the canonical projection operator. Consider x G ker sq and let [x] = r]{x) be the 
corresponding equivalence class in Ei. Then si([x]) = ri{s{x)) is just the bigrade (0, l)-part of s{x), 
projected on Ei, i.e.: 

s,i[x]) = [s'ix]]. 



B Shift of the Constraints Using a U{1) Generator 

We are looking for couples of W(^,7i) algebras such that the sets of first class constraints are 
embedded one into the other. We first consider the case Q = si{N), and to clarify the presentation, 
we focus on the secondary reductions of type W(^, Ti.) — > W{Q, Q) = 

In si{N), the regular subalgebras Ti can always be chosen in such a way that the simple roots of Ti. 
are also simple roots of Q. Let H = Q)n=i'Hn where Hn are simple subalgebras of rank r„ = rank(7-^„), 
ordered in such a way that r„ < r™, if > rn. We define as simple roots 

Simple roots of Q ai, a^i; Op^; Op^+i, Opi+ra; o^p^; ap^+i, ap^+r^] Q^pi, ■■■ 

Simple roots of ai,...,^^,; ; ap,+i, ap^+^j; ; Op^+i, Op^+^a; (B.l) 

with Pn = Er=i(ri + l) 

In the fundamental representation of si{N), this simply means that we have divided the N x N 
matrix into rj x rj blocks of decreasing size, plus (when it exists) a block [N — pi) x [N — p^). 

The gradation associated to the Cartan generator of the principal si{2) in H attributes a grade 
1 to each simple root of H, but the grade of the simple roots of type Op,^ is 

griapj = -!^l!i±i < (B.2) 



on 



where we have set r^+i = 0. This imphes that the root generators i?p„ are constrained in W(^, 7i) 
although they are not in W(^). Thus, it is clear that we have to introduce a new gradation such 
that 

grM > (B.3) 

while not changing the resulting W-algebra. Let H be the gradation we are looking for. Then, if 
Mq is the Cartan generator of the si{2) embedding we are considering (it has not been changed 
because we want the W-algebra to be the same), the new gradation is characterized by the generator 
U = H — Mq which commutes with the si{2) algebra and which "respects" the highest weight gauge. 
Thus, classifying the different gradations H is the same as classifying the different U{1) generators 
submitted to the non- degeneracy condition 

ker ad{M+) n g'_ = (B.4) 

where Q'_ denotes the subalgebra of ^-generators which have negative grade w.r.t. H. This technique 
has been developed in |Tl|, where all the possible gradations leading to the same W-algebra have 
been classified. The procedure goes along the following lines. 

We start with the decomposition of the fundamental of si{N) w.r.t. the principal si{2) in Ti: 

N = ®l=in^ Dj^ with 7^ when u (B.5) 

and add the following U{1) eigenvalues 

N = ®l=,n,D,^{y,) (B.6) 

Then, computing the adjoint representation from this decomposition of the fundamental, 

g = ®kDu{Yu) (B.7) 

where the Y^'s are differences of two y^'s. The eigenvalues of the allowed U{1) generators will be 
characterized by the equations 

\Yk\<k and ne^^, VD,(n,) (B.8) 

Then, the different gradations will be Mq + f/, with Mq the Cartan generator of the s^{2) under 
consideration, and U one of the allowed U{1) generators. 

Now, to get a gradation satisfying both equations ([B.3|) and (|B.8|), we have to impose 



\y^i - yu\ < - ju\ and yf,-yu> j/. + ju (B.9) 

which is clearly satisfied only if one of the two j's is zero, ie if Ti is simple^. In that case, the 
s£{2) © f/(l) decomposition 

D,{y)®{N-2j~l)Doiz) with y = ^^^~^^~^^ and z = -^-^^^^ (B.IO) 

indeed gives a gradation where all the simple roots of si{N) have positive grades, and whose associ- 
ated W-algebra is W(s£(iV), 7^). 

^If H is simple, there will be only one Dj representation with j ^ in the fundamental of Q 



on 



For the general secondary reduction yV{si{N),H') — >■ yV{si{N),TC), the reasoning follows along 
the same lines. We however have to look at the grade of all the roots (since some simple roots 
have negative grades in the general case). Then, one asks the gradations to satisfy Q- C This 
necessary condition is sufficent in the case of si{N) because the simple roots of Ti. can always being 
choosen among the simple roots of Ti' (and thus the constraints J°'' = 1 for Ti. are a subset of the 
constraints J"^ = 1 for H'). After a tedious calculation, and using non-degenerated U{1) generators 
both for H and H', one gets the following property: 

Property 4 In the case of secondary reductions of type yV{si{N),T-C') }V{si{N),T-C) , we have 
the following necessary and sufficient condition for the existence of a U{1) generator which satisfies 
both the non-degeneracy l \B.4) and the embbeding of the set of constraints associated to Ti into the 
set of constraints associated to Ti! : 
IfTi' decomposes as 

n' = ©Ll"^a Si{pa) (B.ll) 

the U{1) generator exists iffH decomposes as: 

Now, turning to the case of orthogonal and symplectic algebras, we can do the same calculation. 
However, for these algebras, the U{1) generator is much more constrained (see [^, sections 5.2 and 
5.3) so that there are less U{1) generators satisfying both the non- degeneracy and the embedding 
conditions. Note that one has really to check in each case that the sets of currents constrained to 1 
are also embedded one into the other, since the simple roots of Ti' are not always simple roots of Ti. 

Apart from these restrictions, the calculation is the same as for si{N) algebras, so that one is led 

to 

Property 5 In the case of secondary reductions of type WiQ.Ti') W(^,7i) with Q = so{N) or 
sp{N), we have the following necessary and sufficient condition for the existence of a U{1) generator 
which satisfies both the non- degeneracy ( \B.^ ) and the embedding of the sets of constraints. 

— For so{N), Ti and Ti.' must be of the form 

= (n + l) so{p) ^.^^ f N = {n + l)p + 2 ; n>0 

■ n so{p) © so{p + 2) 1 = p [mod 2] 

— For sp{N), Ti and Ti' must be of the form 




-- s£i2) s£i2p^) 
sp{4) ©^ si{2p^) 



with Pf^ G 



or of the form 




„, . 1 either pi G 2IN,pi > + 1 VyU > 2 and pi > 2qj + 1 Vj 

®sp(2q-)® si(p) ^'^M °rPie(2^ + l)'Pi>PM + 2V/i>2andpi>2g, + lVj 
j P\ Hj) fj. yPfi) ^ or gi > Qj + 1 Vj > 2 and qi > |(p^ + 1) V/i 



Let us remark that in the case Q = so{5), the U{1) generator exists when considering the reduction 
>V(so(5), so(3)) W(so(5)), while in the case Q = sp(4) the U{1) generator exists for the reduction 
yV{sp{4), si{2)) —>■ W(sp(4)) which is in agreement with the isomorphism between the so(5) and 
sj9(4) algebras. 
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